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1. INTRODUCTION
2Ž .Let k be a field and G a finite group. For any element a g H G, k*
Ž .k* denotes the units of k, here as a trivial G-module , we can form the
twisted group algebra k aG. It is isomorphic to the group algebra as a
vector space and its multiplication satisfies the rule
xu yu s xyf s , t u ,Ž .s r s r
where f : G = G “ k* is a 2-cocycle representing a . It is easily checked
that the 2-cocycle condition satisfied by f ensures the associativity of the
multiplication in k aG.
A projective Schur algebra over k is by definition a k-central simple
algebra which is a homomorphic image of a twisted group algebra k aG for
2Ž .some finite group G and some a g H G, k* . Equivalently, a k-central
Ž .simple algebra A is a projective Schur algebra over k if it contains a
subgroup G of the units of A, which is finite modulo k* and spans A as
Ž .k-vector space. We often use the notation k G . Clearly a projective Schur
Ž .algebra over k determines an element in the Brauer group Br k of the
Ž . Ž .field k. The subgroup in Br k generated by and in fact consisting of
such elements is called the projective Schur group of k and denoted by
Ž .PS k . The notions of projective Schur algebra and projective Schur group
w xwere introduced in Lorenz and Opolka 6 . This construction can be
* The research was supported by the Fund for the Promotion of Research at the Technion
and the Technion VPR Fund.
401
0021-8693r99 $30.00
Copyright Q 1999 by Academic Press
All rights of reproduction in any form reserved.
ALJADEFF AND SONN402
viewed as the projective analogue of Schur algebras and the Schur group
Ž Ž .. Ž w x.denoted by S k of the field k see 10 .
It is natural to restrict attention to special types of groups G. Our
interest here is in k-central simple algebras that are homomorphic images
a Ž . Ž w x.of twisted group algebras k G with G nilpotent resp. abelian see 6 .
ŽWe call these algebras ``projective Schur algebras of nilpotent type resp.
. Ž .abelian type .'' Clearly, as above, these algebras represent classes in Br k
Ž . Ž Ž ..and we denote by PNil k resp. PAb k the subgroups they generate. In
w x6 it is shown that if k is a number field and n is the number of roots of
Ž . Ž .unity in k then PAb k s Br k , where B denotes the n-torsion sub-n n
group of B. More generally, since a symbol algebra of degree n over k is a
Ž .homomorphic image of and even isomorphic to a twisted group algebra
a Ž . w xof the form k Zrn = Zrn , it follows from 7 that, for any field k,
Ž . Ž .Br k is contained in PAb k whenever k contains a primitive nth root ofn
unity. We will prove a reverse inclusion, which shows that the above
Ž . Ž .equality PAb k s Br k holds for any field k containing exactly n rootsn
of unity.
THEOREM 1.1. E¤ery projecti¤e Schur algebra of abelian type is isomor-
phic to a full matrix algebra o¤er a tensor product of symbol algebras.
w xReturning to number fields, in 6 it is shown that if k contains the pth
Ž . Ž .roots of unity, then PNil k contains Br k , the p-primary component ofp
the full Brauer group, whereas if k does not contain the pth roots of unity,
Ž . Ž .then PNil k l Br k s 0. The latter result holds for an arbitrary fieldp
Ž .see Theorem 1.7 below , but in the case that the pth roots are present in
Ž . Ž . Žk, PNil k may be a proper subgroup of Br k . An example is given inp p
w x r Ž .3 of a field k which contains the p th roots of unity but PS k andp
Ž . Ž . .therefore PNil k are properly contained in Br k . This of coursep p
Ž .opens up the problem of possible characterizations of PNil k and more
Ž . Ž .generally of PS k e.g., by means of group cohomology . The main object
Ž .of this paper is to show that every element in PNil k may be represented
by a certain type of crossed product algebra called a ``radical algebra''
Ž .Theorem 1.2 and to use these algebras in order to give a description of
Ž . Ž .PNil k by means of cohomology Theorem 1.6 .
To recall the construction of a radical algebra, let Krk be a finite
Äextension. Let A denote the torsion subgroup of K*rk* and let A be the
preimage in K*. Thus A consists of all elements in K* of finite order
Ž .modulo k*. Let k A be the subfield spanned by A.
Ž .We say that Krk is a radical extension if K s k A . A central simple
k-algebra B is called a radical algebra if it can be written as a ``radical
Ž . Ž .crossed product,'' i.e., a crossed product algebra Krk, b9 , where K s k A
Ž .is a radical extension of k A as above and b9 has a representative whose
Ž .values lie in A i.e., of finite order modulo k* .
BRAUER EQUIVALENCE 403
Ž .Note that a crossed product algebra B s Krk, b9 is radical if and only
Ž .if there is a group extension b: 1 “ N “ G “ G “ 1 with B s k G ,
Ž .K s k N , Gk*rk* is finite, and b9 is the image of b under the map
Žinduced by inclusion N ¤ K*. We refer to the extension b9 as an
.associated extension of the radical algebra B. It is therefore clear that
every radical algebra is a projective Schur algebra.
Ž .THEOREM 1.2. E¤ery element in PNil k can be represented by a radical
algebra.
Ž .THEOREM 1.3. E¤ery element in PNil k may be represented by a radicalp
Ž .algebra Krk, b9 with an associated group extension 1 “ N “ G “ G “ 1
Ž .and Gk*rk* a finite p-group.
This gives further evidence for the truth of
w x Ž .CONJECTURE 1.4 2 . E¤ery element in PS k can be represented by a
radical algebra.
Ž . Ž .Let Rad k denote the subgroup of Br k generated by classes that may
be represented by radical algebras.
Ž . Ž Ž ..We interpret the subgroup Rad k and conjecturally PS k cohomo-
Žlogically. Let k be the maximal radical extension of k in an algebraicrad
Ä.closure k and let G be the Galois group of k rk. Clearly, krad rad rad
Äcontains m, the group of all roots of unity in k. Moreover m is G -in-rad
2Ž .variant so we can consider H G , m .rad
2 ÄŽ . Ž .PROPOSITION 1.5. The classical isomorphism H G , k* ( Br k re-k
2Ž . Ž .stricted to H G , m , surjects onto Rad k . In other words, there exists arad
commutati¤e diagram
2 6 2 ÄŽ . Ž .H G , m H G , k*rad k
6 6
f
6Ž . Ž .Rad k Br k
where f is surjecti¤e.
Ž .G is the absolute Galois group of k.k
As a consequence of Theorem 1.2, we have a similar cohomological
ÄŽ .characterization of PNil k . Let T be the subgroup of k* defined byp
ÄŽ . Ž .‘ ‘T k*rk* s k*rk* , where denotes elements of p-power order.p p p
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ŽTHEOREM 1.6. Let k be any field containing the pth roots of unity p a
.prime . Then there exists a commutati¤e diagram
2 6 2 ÄŽ .H G k T rk , m H G , k*Ž .Ž .ž /p k p
6 6
f
6Ž . Ž .PNil k Br kp p
where f is surjecti¤e.
Ž .THEOREM 1.7. If k does not contain the pth roots of unity, then PNil k p
s 0.
2. TWO REDUCTIONS
Ž .Let k G be a projective Schur algebra of nilpotent type over k, so G is
nilpotent and Gk*rk* finite.
Ž .First we consider reduction to projective Schur algebras k G where
Ž .Gk*rk* is a p-group, and char k is zero or prime to p. We call these
algebras ``projective Schur algebras of p-type.'' With this reduction in
Ž .hand we will then reduce further to projective Schur algebras k G with
the following property: If H is a normal subgroup of G, then the subalge-
Ž . Ž . Žbra k H of k G generated by H is simple in general, it can be
.semisimple .
Ž .We begin with the following lemma, in which part b is a special case
w xof 8 . Its proof is much simpler so we include it here.
Ž .LEMMA 2.1. a Let k be a field of characteristic p and P a p-group. If A
is a projecti¤e Schur algebra o¤er k which is the homomorphic image of k aP,
then A s k and a is the tri¤ial cocycle.
Ž . Ž .b More generally, let A s k G be a projecti¤e Schur algebra o¤er k
which is the homomorphic image of a twisted group algebra k aG, G nilpotent.
If the characteristic of k is p ) 0, then A is the homomorphic image of
k resŽa .H, where H is the product of the Sylow p9 subgroups of G, p9 / p, and
Ž .res a is the restricted cohomology class.
Ž .c E¤ery projecti¤e Schur algebra A o¤er k of nilpotent type has a
Ž .  Ž .4finite set of commuting subalgebras A i , central o¤er k and of p-type,
which generate A.
Äa Ä a ÄŽ .Proof. a Consider k P s k m k P where k is the algebraic closure
Äa Ä 2 ÄŽ . Žof k. We first note that k P ( kP because H P, k* is trivial. To see the
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2 Ä< < Ž .latter: On the one hand, raising to the P th power annihilates H P, k* ;
Ž . < <on the other hand, since char k s p, raising to the P th power is an
Äisomorphism of k* onto itself, which induces an isomorphism from
2 ÄŽ . .H P, k* onto itself.
Ä ÄIt follows that k m A is a homomorphic image of kP,and, being simple,k
Ä w x w xit must be k itself 4, p. 14 . This implies A s k and by 1 a is trivial
Ž  4already in k*. Proof : Let u be a system of coset representatives of P ins
a Ž . ak P and let u u s f s , t u . Since k is a k P-module, we have u 1 ss t st s
Ž . .l ? 1 for every s g P. Hence f s , t l s l l , i.e, f is a coboundary.s st s t
Ž . Ž . Ž . Ž .To prove b and c , let P 1 , . . . , P r be the Sylow subgroups of G for
a a Ž Ž . Ž ..the different primes. We have R s k G s k P 1 = ??? = P r . Let us
Ž . Ž .and u be elements in R that correspond to s and t in P i and P j ,t
respectively, i / j. Since s and t commute in G, the commutator of us
and u in R lies in k*, and since u and u have finite order mod k*, onet s t
sees that this commutator is a root of unity. Furthermore, this root must
Ž .be 1 since the orders of s and t in G are coprime. Hence u and us t
a Ž Ž . Ž .. a Ž1. Ž .commute in R. Consequently, we have k P 1 = ??? = P r ( k P 1
a Ž r . Ž . Ž . Gm ??? m k P r where a i s res a . Let A be a k-central simplek k P Ž i.
Ž .algebra which is a homomorphic image of R and denote by A i the image
a Ž i. Ž . a Ž i. Ž .of k P i . Since k P i centralizes the other components in R, the
Ž . Ž . Ž .image A i centralizes A j for j / i. It follows that the center of A i is
contained in the center of A and therefore it must be k for all i. This
Ž .shows that A i is central simple over k and of p-type. Assume now that
Ž .char k s p and that P j is a p-group. By the first part of this lemma,
Ž .A j s k and therefore we can omit the jth component from R. Finally, it
Ž . Ž .is clear that the A j generate A. Part c is now clear. This completes the
proof of the lemma.
LEMMA 2.2. Let A be a projecti¤e Schur algebra o¤er k of nilpotent type.
Ž .Then A is the tensor product o¤er k of projecti¤e Schur algebras of p-type.
Proof. Let A be the homomorphic image of a twisted group algebra
k aG, G nilpotent. By the lemma we can assume that if char k s p then G
Ž . Ž .is a p9 group. Furthermore, A is the product of subalgebras A 1 , . . . , A r ,
Ž .each one central simple over k and of p-type. We claim that any A i has
a complement in A which is a projective Schur algebra of nilpotent type;
Ž .i.e., for every A i there exists a k-projective Schur subalgebra of nilpotent
Ž . Ž . Ž .type B i such that A s A i m B i . This is a special case of the nextk
lemma, which is essential in the whole paper. The proof is then completed
Ž .by induction on the dimension of A as a k-vector space . Alternatively,
Ž .one can complete the proof by showing directly that the centralizer of A i
Ž .in A is generated by the A j , j / i.
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Ž .We will call a projective Schur algebra k G nonmodular if either
char k s 0 or if G can be chosen so that the order of Gk*rk* is prime to
p s char k.
Ž . Ž .LEMMA 2.3 Factorization Lemma . Let k G be a nonmodular projec-
Ž .ti¤e Schur algebra o¤er k. Let H be a normal subgroup of G with k H
Ž .central simple o¤er k. Then there exists a projecti¤e Schur subalgebra k U
Ž . Ž . Ž . Ž .o¤er k such that k G s k H m k U . Furthermore, if k G is of nilpotentk
Ž .type then one can choose U so that k U is also of nilpotent type; in fact, U
can be chosen to be a subquotient of Gk*rk*.
Ž . ŽProof. Let s be an element in G which is not in k H . We may
Ž . Ž . .assume k H / k G . The element s normalizes H and hence normalizes
Ž .k H . Since the latter is central simple over k, the Skolem]Noether
Ž . Ž .theorem implies that there exists an element e s in k H * such that
y1 Ž . Ž . Ž . Ž .s e s centralizes k H . Clearly, s and e s commute in k G , and since s
Ž . y1 Ž .is of finite order modulo k*, e s and therefore s e s are of finite order
Ž . Ž . Ž .modulo k*. Let U be the centralizer of k H in k H *G. Since k H is
Ž . Ž . Ž .k-central, U l k H s k*, Urk* F k H *Grk H *, which is a quotient
of Gk*rk*, and hence of finite order. Also, if Gk*rk* is nilpotent, the
Ž . Ž . Ž .group Urk* is nilpotent, too. We wish to show that k G s k H m k U .k
Ž . Ž .If not, there is an element s of G which is not in k H m k U . Ink
Ž .particular, s f k H , so repeating the argument above, we get an element
y1 Ž . Ž . Ž .s e s g k H *G which centralizes k H and lies outside U. Then we
² y1 Ž .:can strictly enlarge the subgroup U to U, s e s contradicting the
maximality of U.
The last piece of information needed to reduce Theorem 1.2 to algebras
of p-type is
LEMMA 2.4. Let A and B be radical algebras o¤er k. Then A m B isk
equi¤alent to a radical algebra.
Ž . Ž Ž . . Ž . Ž Ž . .Proof. Let A s k G s k N rk, a and B s k L s k H rk, b
Ž .where G and L are finite modulo k*, N resp. H normal abelian in G
Ž . Ž . Ž . Ž .resp. L , and GrN ( Gal Krk , LrH ( Gal Lrk , where K s k N
Ž .and L s k H . Let F be the composite of K and L in an algebraic
closure of k. This is a radical Galois extension spanned by the group HN
Ž .in fact, by their embeddings in the composite . Denote its Galois group by
Ž Ž .. Ž Ž .. Ž .Q. The crossed products Frk, Q, inf a and Frk, Q, inf b are Brauer
Ž . Ž . Ž .equivalent to k G and k L , respectively inf denotes the inflation map .
Ž Ž . Ž Ž .. Ž Ž . Ž ..But Frk, Q, inf a m Frk, Q, inf b ; Frk, Q, inf a inf b which isk
radical.
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Combining Lemmas 2.2 and 2.4, we have
PROPOSITION 2.5. If Theorem 1.2 holds for e¤ery projecti¤e Schur algebra
of p-type, then Theorem 1.2 holds in general.
ŽFor the proof of Theorem 1.1 we will need an abelian version rather
.than nilpotent of Lemma 2.2.
Ž .We say that a projective Schur algebra k G is of p-abelian type if
ŽGk*rk* is an abelian p-group as above, we may assume p is prime to
.char k if this is finite .
LEMMA 2.6. E¤ery projecti¤e Schur algebra of abelian type is the tensor
product of projecti¤e Schur algebras of p-abelian type.
Proof. Similar to the proof of Lemma 2.2, observing that in Lemma 2.3,
U can be chosen as a subquotient of Gk*rk*, and hence is abelian if
Gk*rk* is abelian.
w xFor the second reduction we will make use of 2 .
Ž . Ž .PROPOSITION 2.7. a Let k G be a projecti¤e Schur algebra and let H
be a normal subgroup of G which contains the commutator subgroup G9 of G.
Ž . ŽThen k H is semisimple. Furthermore, if it is not simple with say n simple
. Ž . Ž Ž .. Ž .components then k G ( M k S where k S is a projecti¤e Schur algebra.n
Ž . Ž . Žb If k G is nonmodular i.e., char k does not di¤ide the order of
. Ž .Gk*rk* then a holds for any normal subgroup H of G, without the
assumption H = G9.
Ž . Ž . Ž .c If k G is of nilpotent type then so is k S . The same holds with
``nilpotent type'' replaced by ``p-type,'' ``abelian type,'' and ``p-abelian type,''
respecti¤ely.
Ž . Ž .d E¤ery projecti¤e Schur algebra k G of nilpotent type is Brauer
Ž Ž .equi¤alent to a reduced algebra of nilpotent type by definition an algebra k S
is reduced if for e¤ery normal subgroup H of S, the corresponding subalgebra
Ž . .k H is simple . The same holds with ``nilpotent type'' replaced by ``p-type,''
``abelian type,'' and ``p-abelian type,'' respecti¤ely.
Ž . w xProof. a is precisely 2, Theorem 1.4 .
Ž . w xb follows from 2, Remark following the proof of Theorem 1.4
Žwhere only the characteristic zero cases is mentioned, but the same
Ž . .reasoning holds for the case of positive characteristic, k G nonmodular .
Ž . w xc A close inspection of the proof of 2, Proposition 1.3 shows that
S is a quotient group of a certain subgroup of G so the result follows.
Ž . Ž .d Induction on dim k G .k
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Combining Lemmas 2.2 and 2.6 and Proposition 2.7, we obtain
Ž .PROPOSITION 2.8. a E¤ery projecti¤e Schur algebra o¤er k of nilpotent
type is Brauer equi¤alent to the tensor product of projecti¤e Schur algebras
o¤er k which are reduced and of p-type.
Ž .b E¤ery projecti¤e Schur algebra o¤er k of abelian type is Brauer
equi¤alent to the tensor product of projecti¤e Schur algebras o¤er k which are
reduced and of p-abelian type.
We can replace Proposition 2.5 by
PROPOSITION 2.9. If Theorem 1.2 holds for e¤ery reduced projecti¤e Schur
algebra of p-type, then Theorem 1.2 holds in general.
3. PROOFS OF THE MAIN RESULTS
We start with algebras of abelian type and the proof of Theorem 1.1.
Ž .Recall that a symbol a, b over k is a k-algebra generated by elementsn
x and y where x n s a, y n s b, yx s z xy where a, b, z are in k*, and z is
Ž .a primitive nth root of unity. It is well known that a, b is central simplen
over k. Moreover, as mentioned above, it is a projective Schur algebra of
Ž ² :.abelian type the spanning group is G s x, y .
Ž .Proof of Theorem 1.1. Let k G be a projective Schur algebra over k
with Gk*rk* abelian. By Proposition 2.8 we may assume Gk*rk* is a
Ž .p-group and furthermore k G is reduced. If G ; k* there is nothing to
prove. Otherwise Gk*rk* is nontrivial. Note that Gk*rk* cannot be cyclic,
Ž .for then G would be abelian, so k G would be a proper field extension of
k and certainly not k-central simple. Assume by induction the theorem is
Ž . Ž . rtrue for algebras of dimension over k - dim k G . Let Gk*rk* ( Z 1p
= ??? = Z r and let g , . . . , g be generators. Let u , . . . , u be elementstp 1 t g g1 t
in G that are mapped to the g under the natural map. Observe that sincei
g and g commute, u u uy1 uy1 s z s , a primitive psi j th root of unityi ji j g g g g pi j i js i j Ž r i r j.contained in k. Clearly p F min p , p . Let us reorder the components
1, . . . , t to satisfy the following ``lexicographic'' rule:
Ž .1 r G r for i ) j, andi j
Ž .2 if r s r s ??? s r , m G 3, then s G s , j s 3, . . . , m.1 2 m 12 1 j
Ž . Ž .Claim. a r s r , and b u and u generate a symbol algebra1 2 g g1 2
over k of degree pr1.
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Ž . p r1y1To prove a , note that if r ) r the elements u and u commute.1 j g g1 j
p r1y1 Ž .In particular, if r ) r for all j ) 1, the element u which is not in k1 j g1
Ž . Ž Ž ..is in the center of k G contradicting k s Z k G . So let r s r s r . To1 2
Ž .prove b , we wish to show that s s r, for then the subalgebra generated12
Žby u and u is a symbol algebra over k note that it must be simpleg g1 2
Ž . .since k G is reduced . The argument is then completed by Lemma 2.3.
Indeed, if s - r, our ordering implies s - r for all j and again u p
r1y1 g12 1 gj 1
Ž Ž ..Z k G .
Proof of Theorem 1.2. The theorem asserts that every projective Schur
Ž .algebra k G of nilpotent type is Brauer equivalent to a radical algebra.
Ž .The proof is by induction on dim k G . By Proposition 2.9, we may assumek
Ž . Ž .that k G is reduced of p-type. Let S s Gk*rk* a p-group . Let a be the
2-cocycle determined by the extension
p
1 “ k* “ G “ S “ 1.
Ž . aThe projective Schur algebra k G is the homomorphic image of k S.
Note that nontrivial elements in S are mapped to noncentral elements in
Ž .k G , i.e., outside k. To avoid vacuous statements, we will assume S is not
trivial. We consider first the case when the commutator subgroup S9 of S
is cyclic. In this case, G9k*rk* s S9 so G9, being central-by-cyclic, is
abelian, and the proof is dealt with by the following proposition.
Ž .3.1. PROPOSITION. Let k G be a reduced projecti¤e Schur algebra o¤er k.
Ž .If the commutator subgroup G9 of G is abelian, then k G is isomorphic to a
radical algebra.
Ž .Remark. If, as above, a, b is a symbol algebra generated by x, y withn
n n Ž . Ž . ² :x s a, y s b, then a, b s k G with G s x, y , and G9 ; k*. Then,n
Ž . Ž Ž ..by Proposition 2.7, k G is isomorphic to a matrix algebra M k S ,d
Ž .where S is a quotient of a subgroup of G, k S is a reduced projective
Schur algebra, and, as is easily checked, S9 ; k*. Hence, by Proposition
Ž . Ž .3.1, k S is a radical algebra, so a, b is similar to a radical algebra. It isn
Ž .in fact easy to show directly that a, b is a matrix algebra over a reducedn
symbol algebra over k.
Proof of Proposition 3.1. Let n be a maximal abelian subgroup of G
Ž .that contains G9. Clearly, N is normal so the subalgebra K s k N must
Ž Ž . .be a field k G is reduced . We claim G s GrN acts faithfully on K. If
not, there is an element u in G R N that centralizes K. This violates thes
² :maximality of N since N, u is abelian and strictly contains N. Finally,s
G Ž .the fixed field K in K must be k since the center of k G is precisely k.
Ž . Ž Ž . .Thus k G ( k N rk, b9 , a crossed product algebra where the cocycle
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2Ž .class b9 in H G, K* is determined by the extension
1 “ N “ G “ G “ 1,
2Ž .i.e, is the image of an element b g H G, N , as desired.
Resuming the proof of Theorem 1.2, we assume from here on that S9 is
Ž .noncyclic. Let Z S denote the center of S. It intersects S9 nontrivially.
Ž .Similarly, the p-torsion subgroup Z S intersects S9 nontrivially. Writep
Ž . Ž Ž . .r rN s Z S l S9 s Z = ??? = Z , so N s Z S l S9 s Z = ??? = Z1 tp p p p p p
Ž .t copies . Note that N and N are characteristic in S.p
Claim I. Res a and therefore Res a may be represented by a 2-S9 N
cocycle with values that are p-power roots of unity.
Indeed, G is central-by-finite, so the commutator subgroup G9 is finite
w x9, p. 443 . But G9k*rk* s S9 and so the values of the cocycle given by the
extension
1 “ k* l G9 “ G9 “ G9r k* l G9 “ 1Ž .
are roots of unity. Since S9 is a p-group we may assume these values are
p-power roots of unity.
Claim II. k contains a nontrivial pth root of unity.
Assume k has no nontrivial pth roots of unity. In this case the twisted
R esN a Ž . Ž .group algebra k N s kN and therefore its image k N in k G is
commutative. Note that the group N is normal in G so by the hypothesis
Ž . Ž . Ž .k G reduced, the subalgebra k N is simple. This means that k N is a
field, forcing N to be a cyclic group. Let b be an element in N of order p.
It generates a characteristic subgroup of N and therefore is normal in G.
Ž .Furthermore the element b is not in k so k b is a field which strictly
extends k. This shows that its degree d is greater than 1 and divides
Ž . Ž .p y 1. Next note that the group G and similarly S acts on the field k b
Ž ² :. Ž .via its action on b . Moreover, the fixed field must be k since k G is
k-central. This is of course impossible since S is a p-group, which proves
Claim II, so k contains a nontrivial pth root of unity.
Ž Ž . .As before we consider N s Z S l S9 .p p
Ž Ž . .Case 1. Z S l S9 is not cyclic, i.e., isomorphic to the elementaryp
Ž .abelian group Z = ??? = Z of rank r ) 1. Let s , i s 1, . . . , r, bep p i
Ž .generators. We claim that s and s similarly for any two generators1 2
``do not commute in the algebra.'' More precisely, if u and u ares s1 2
elements in G which are mapped to s and s by p , then their1 2
commutator is not trivial and therefore a primitive pth root of unity in k.
Assume they commute. Then the algebra K they generate over k is
BRAUER EQUIVALENCE 411
commutative. Furthermore, these elements, together with k*, generate a
normal subgroup of G, so the subalgebra K must be simple and hence a
field. To show this is impossible, recall that the restriction of the cohomol-
ogy class a on S9 has a finite representative. This says that, for i s 1, 2,
u p s z , where z is a primitive pri root of unity in k. In particular, K*s i ii
contains a finite, noncyclic, abelian group which is not possible. On the
other hand, if the elements u and u do not commute, they generate as s1 2
simple algebra and therefore a k-central simple algebra of dimension p2.
Ž .It is isomorphic to the symbol algebra z , z . Now, by the factorization1 2 p
Ž . Ž .lemma, we can factor k G into the tensor product of z , z and a1 2 p
Ž .projective Schur algebra of smaller dimension of p-type . An application
of Lemma 2.4 then completes the proof in Case 1.
Ž . Ž .Case 2. N is cyclic of order p . Denote this group by C 0 . It isp
Ž . Ž .characteristic in S so we can form the groups SrC 0 , S9rC 0 . As above$
Ž Ž Ž ... Ž . Ž .we consider the intersection C 1 s Z SrC 0 l S9rC 0 and let C 1Ž . p
Ž . Ž 2 .be its lift in S. We wish to show that either C 1 is cyclic of order p or
that we can factor off a symbol algebra over k. More generally, this will be
the first step of an inductive argument so let us assume that the groups
Ž . Ž . 2 rC 1 , . . . , C r y 1 obtained in this way are cyclic of order p , . . . , p ,$
Ž . Ž Ž Ž ...respectively, and let C r be the lift in S of C r s Z SrC r y 1 lŽ . p
Ž .S9rC r y 1 .
Ž .Main Claim. Either the group C r is cyclic or a symbol algebra of
Ž .degree p can be factored from k G .
$ $
Assume C r is not trivial and let s be an element in C r of order p.Ž . Ž .
Ž Ž ..It is in Z SrC r y 1 so the cyclic subgroup of order p it generates is
normal there and therefore its lift P to S is normal in S. Let us examine
Ž .the group P in detail. Note that it has a cyclic subgroup C r y 1 of index
Ž wp. The structure of such groups is completely known see, for example, 5,
x.p. 98 :
Case 1. P s Z r = Z . Note that P contains a characteristic subgroupp p
Ž . Ž .and hence normal in S isomorphic to P 0 [ Z = Z . The values of thep p
Ž . Ž .cocycle a restricted to P 0 are pth roots of unity, so P 0 generates a
2 Ž .symbol subalgebra of dimension p or a field since it must be simple .
The case of a field is excluded exactly in the same way as we did before. If
it is a symbol algebra it can be factored by the factorization lemma and the
dimension is reduced by p2.
Ž .rCase 2. P s Z i Z semidirect product , r G 2. If s and t are thep p
generators of Z r and Z , respectively, then without loss of generalityp p
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tsty1 s s Ž1qp ry 1.. Note that t fixes s p and so the subgroup generated by
s p
ry 1
and t is isomorphic to Z = Z . Denote this group by H. If p is oddp p
or p s 2 and r G 3 then H contains all elements in P of order p so it is
characteristic in P and therefore normal in S. We can proceed then as in
Case 1. If p s 2 and r s 2 then P is dihedral of order 8 and is one of the
cases considered below.
If p s 2 there are three extra families, the dihedral groups, the semidi-
hedral groups, and the generalized quaternion groups. We now show that
these cannot occur.
Case 3. Let us rule out first the dihedral and semidihedral groups.
²Let P be one of the groups with the following presentation: s , t :
2 r 2 y1 : ² 2 r 2 y1s s t s 1, ts s s t , r G 2; or s , t : s s t s 1, tst s
Žy1q2 ry 1.:s , r G 3. Note that the cyclic subgroup C generated by s is the
unique cyclic subgroup of index 2 in P. This of course implies that C is
characteristic in P and therefore normal in S. S acts on C as an abelian
Ž .group because Aut C is abelian, so S9 acts trivially, i.e., centralizes C.
Since P ; S9, P centralizes C. This leads to a contradiction, since C ›
Ž .Z P .
Case 4. Assume now P is isomorphic to the generalized quaternion
group of order 2 rq1. If r G 3, then P9 is cyclic of order 2 ry1 G 4, and
hence not central, since the center of P has order 2. As in the previous
case, P9 is normal in S, which acts as an abelian group on P9, so S9
together with its subgroup P, centralizes P9, a contradiction.
If P is the quaternion group of order 8, then S acts on P as a subgroup
Ž .of Aut P ( S , and since S is a 2-group, S acts as a subgroup of Sylow3
2-subgroup of S , and hence as an abelian group, so S9 together with its3
subgroup P acts trivially on P. But P is nonabelian, a contradiction.
At this point we can summarize and say that the group P is either cyclic
of order prq1 or we can factor a symbol algebra of degree p and are
Ž .therefore done by induction on the dimension of k G . So let us assume
now that P is cyclic of order prq1. Recall that the group P was obtained$
as the inverse image of a nontrivial element s in C r . Clearly, ourŽ .
argument shows that we can assume the inverse image in S of every$
element in C r generates a cyclic group. It follows that the maximalŽ .
Ž .elementary abelian subgroup in C r must be cyclic. Now, for p odd, this
Ž . Ž .implies C r is cyclic and, for p s 2, C r is either cyclic or generalized
quaternion. The generalized quaternion case can be ruled out exactly as
shown in Case 4 above. This completes the proof of the Main Claim.
To complete the proof of Theorem 1.2, let us assume that all the groups$
Ž .C r are cyclic. Clearly, this process will terminate precisely when C nŽ .
happens to be trivial for some n. By construction this will occur if and only
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if S9 is a cyclic group, and the theorem has already been proved in this
case.
We have shown that every projective Schur algebra, reduced and of
p-type, is isomorphic to a tensor product of symbol algebras and a radical
algebra, so we are done by the remark following Proposition 3.1 and
Lemma 2.4.
Theorem 1.3 follows easily now:
Ž .Proof. Let k G be a projective Schur algebra of nilpotent type. By
Lemma 2.2 it is equivalent to the tensor product of reduced algebras of
p-type. From the proof of Theorem 1.2 it is clear that if Gk*rk* is a
Ž .p-group then k G is isomorphic to the tensor product of radical algebras
Ž Ž . . Ž Ž . .k N rk, b where Gal k N rk is a p-group.
We now prove Theorem 1.7. Let k be a field with no nontrivial pth
Ž .roots of unity and let k G be a projective Schur algebra representing an
Ž .element in PNil k . From Theorem 1.3 we see that we can assume thatp
Gk*rk* is a p-group and by Claim II in the proof of Theorem 1.2 it
Ž .follows that this is possible only if G ; k*, i.e., PNil k s 0.p
Finally, we prove Theorem 1.6. Here, we are assuming that the field k
Ž Ž . .contains nontrivial pth roots of unity, so Gal k T rk is a pro-p group.p
2Ž Ž Ž . . .Furthermore, each element in H G k T rk , m gives rise to a radicalp
Ž . Ž Ž . .algebra k G s k N rk, b with Gk*rk* a p-group. It is clear that such
Ž . Ž .a k G represents an element in PNil k defining the map f. The factp
that f is surjective is proved exactly in the same way as Proposition 1.5.
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